Introduction. A celebrated theorem of N. Jacobson [7] asserts that if (1) x*(x) =x for every x in a ring R, where n(x) is an integer greater than one, then R is commutative.
In a recent paper [2] , I. N. Herstein has shown that it is enough to require that (1) holds for those x in R which are commutators: x= [y, z]=yz -zy of two elements of R. The purpose of this note is to show that if R has no nonzero nilpotent ideals, we may restrict x in (1) to iterated commutators of any fixed degree. We also obtain a weaker result for arbitrary
rings. An important tool in the proof of our results is a lemma which generalizes a result of Kaplansky [4] to the effect that the only elements of a primitive ring which commute with all commutators are in the center. This tool is also useful in extending and complementing some results of Divinsky [l] on commuting isomorphisms of simple rings. These extensions include some recent results of Posner [9] 1 The author wishes to express his thanks to Professor S. K. Berberian for a stimulating conversation which led to the present note, and also to a referee whose suggestion of the hypothesis:
"no nilpotent ideals" generalized our lemma and shortened the proof of Theorem 1.
X in the center Z of R and m, re>l. With s = (n -l)(m -1) + 1>1, we obtain u' = u, (Xm)* =\u and it follows that Z has characteristic pT^O and each \EZ is algebraic over the field P of p elements. If uEZ, then bu is not in Z and b[a, b}= [ba, b] may replace u in the ensuing argument. Let m(x) be the minimum polynomial of u over Z and let F be the field obtained by adjoining the coefficients of m(x) to P. Then F is finite and has q=pv elements. Hence uq = u is impossible for the equation xq-x = 0 can have no more than q roots in the field F(u). Thus uq7*-u. But m(w) =(m(u))q = 0 and hence uq = r~1ur for some rGi? [6, p. 46] . Set z =Dk(u) = r(u-uq)kELk(R).
Then P(re, z)
is a finite division ring and uz =zu by the little Wedderburn theorem. But uz=zu yields zuq = zu, u" = u, a contradiction.
Case 2. R is a prime ring. Here R has no nonzeronilpotent elements. For if x2 = 0 with xER, let n, • • • , rkER-Then y=xrixr2x
•
, and y2 = 0 yields y =0. Using the primeness of Rk times, we get x = 0. As usual, it follows that all idempotents of R are in the center of R. Case 3. R is a primitive (and hence prime) ring but R is not a division ring. Let p be a maximal right ideal of R which contains no nonzero two-sided ideal of R. Clearly p contains no nonzero central idem- (4) gives [a'a, x]=a'[a, x+x'] =0 for all a, xER-Thus a'aEZ and we have a2 = (a+a')a -a'a for all aER. Remark 1. If we assume that the ring R of Theorem 3 is primitive, a result of Kaplansky [5] assures us that R is commutative or is a quaternion algebra over Z. Remark 2. In Theorems 2 and 3, we may assume only that (5) [a, a']EZ for every aER and still reach the same conclusions. In Theorem 2, for example, linearity and (5) [9] has discussed a derivation a-*a' of a prime ring R into R which satisfies (2), or, more generally, in R, a direct proof of (2) from (5) has discussed a Jordan derivation a-»a' of a prime ring R, i.e., an additive mapping of R into R for which the induced mapping a->a* of Remark 3 satisfies (a2)* = (a*)2, (aba)* -a*b*a* ior all a, bER and is, therefore, a Jordan homomorphism of R into Ri. With ab= (ab)* -a*b* and ab=(ab)* -b*a*, we have or ' is an ordinary derivation of R. It is an easy consequence that a ring in which 2x = 0 implies x = 0 and in which zero is the only nilpotent ideal has no Jordan derivation which is not an ordinary derivation. However, it is possible that the Lie ring of Jordan derivations of a ring may yield some information about radical rings.
